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Abstract 

In this paper we consider the Brill-Noether locus Wd{C) of line bundles 
of multidegree d of total degree g — 1 having a nonzero section on a nodal 
reducible curve C of genus g > 2. We give an explicit description of the 
irreducible components of WdiC) for a semistable multidegre d. As a 
consequence we show that, if two semistable multidegrees of total degre 
g — 1 on a curve with no rational components differ by a twister, then the 
respective Brill-Noether loci have isomorphic components. 



1 Introduction 

Let C be a projective curve of genus g over an algebraically closed field k. If 
C is smooth then, for each integer d, the degree-d Jacobian Jq of the curve 
is a projective variety parameterizing line bundles of degree d on C. The set 
Wd{C) consisting of those line bundles of degree d having a nonzero section can 
be given the structure of a subvariety of Jq called a Brill-Noether variety. It is 
easy to see that Wd{C) equals the image of the Abel map of degree d 

(Pi,...,Frf) ^ 0(Pi + ... + Prf), 

where C"^ is the product of d copies of the curve C. In particular, each Wd{C) 
is irreducible. 

If C is a singular curve, the Jacobian varieties are no longer projective. 
However, the Brill-Noether locus Wd{C) is still a subvariety of the Jacobian and 
we can consider the problem of describing Wd{C) in terms of (rational) Abel 
maps. If C is nodal and irreducible then again Wd{C) coincides with the closure 
of the image of the rational Abel map of degree d, as shown in |Br[ Thm. 1.2.1] . 
However, when C is reducible, this is in general not the case. 

Recently there has been a lot of interest in the Abel maps and consequently 
in the Brill-Noether theory for reducible curves. There are two main directions 
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in this study. The first is towards the resolution of the rational Abel map. Few 
cases have been fully solved, namely the Abel map of degree 1 for stable curves 
[CEj and Gorenstein curves [CCEj . and the Abel map of degree 2 for nodal 
curves |CEP| . Lastly, in |CP| . Abel maps of any degree were constructed for 
stable curves of compact type. We should also mention the relation established 
in |E0) between limit linear series and the fibers of the Abel map for a two- 
component curve of compact type. 

The second direction is towards the study of Brill-Noether varieties and 
the relation with the image of the (possibly rational) Abel map. Brill-Noether 
varieties of any degree on a binary curve were considered in |C2j and those of 
degree g — 1 on a nodal curve of genus g were considered in |Be| and |C1] . The 
closures of the images of Abel maps in a compactification of the Jacobian were 
studied in |Br| for binary curves, curves of compact type and irreducible curves. 
Furthermore, the Brill-Noether locus of degree g — 1 on a compactification of 
the Jacobian has been shown to be an ample divisor, see [5] and [E], and, for 
a stable curve, it can be regarded as a theta divisor on a degeneration of an 
abelian varitety in the sense of Alexeev, see [X] . 

1.1 Main result 

Let C be a nodal reducible curve of genus g and let Wd{C) be the locus of line 
bundles of multidegree d on C having a nontrivial section. If d has total degree 
d then Wd{C) is an open and closed subset of Wd{C). It was shown in |C1[ 
Prop. 3.2.1] that if d is a semistable multidegree of total degree <? — 1 then the 
closure of the image of the rational Abel map of multidegree d is an irreducible 
component of Wd{C). Moreover, by [Cl^ Thm. 3.1.2], if d is stable then this 
is the only component and thus Wd{C) is irreducible. As we will see, this is 
seldom the case when d is not stable. 

The purpose of this paper is to describe the irreducible components of the 
Brill-Noether variety Wd{C) in terms of images of Abel maps. We show (see 
Lemma 13. 7p that "twisting" the image of an Abel map of semistable multide- 
grees of total degree g — 1 also give components of Wd{C). In general, not all 
components are of this form. However, we show that every irreducible com- 
ponent of Wd{C) can be given as the locus of line bundles restricting on some 
subcurve of C to a bundle on the image of an Abel map of this subcurve. More 
precisely, for each subcurve Z of C let Wd,z{C) be the closure of the locus of 
line bundles L on C of multidegree d such that L\z{—Z n Z') lies on the image 
of an Abel map of Z. 

The theorem below summarizes the description of the components of Wd{C) 
(cf. Theorems EH and EH). 

Theorem A. Let d be a semistable multidegree of total degree <? — 1 on a 
nodal curve C of genus g. The irreducible components of Wd{C) are the sub- 
sets Wd.z{C) where Z is a connected nonempty subcurve of C such that d^ — 
deg{Oz{Z n Z')) is an effective semistable multidegree on Z of total degree 
9z - 1- 
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Moreover, fix a component Wd,z{C) ofWdiC). If d~ deg{Oc{Z')) is an 
effective multidegree, then Wd,z{C) is the closure of the locus of line bundles of 
the form L (g> Oc{Z') where L lies in the image of an Abel map. 

The description of the BriU-Noether locus in terms of Abel maps allows 
us to give a sufficient conditon on the multidegrees d and e of total degree 
5 — f for which the varieties Wd{C) and We{C) have isomorphic components 
(cf. Theorem 13. lOp . We believe that, in this case, the varieties itself should be 
isomorphic. 

Theorem B. Let C be a nodal curve of genus g. Assume the irreducible com- 
ponents of C have positive genus. Let d and e be semistable multidegrees on C 
of total degree g ~ I such that e — d + deg(Oc{T)), where Oc{T) is a twister 
on C . Then Wd(C) and We(C) have isomorphic components. 

1.2 Notation and terminology 

A curve C is a connected projective reduced scheme of dimension 1 over an 
algebraically closed field k. A subcurve Z of C is a reduced union of irreducible 
components of C . We call Z' := C — Z the complementary subcurve of Z . Let 
kz '■— =f^{Z n Z') and denote by the number of connected components of Z. 
The genus of Z ia gz = h'^iZ,ujz) where ujz is the dualizing sheaf of Z. 

Let Ci, . . . , be the irreducible components of C. A multidegree on C is a 
7-uple d= (c?i, . . . , d^) G Z'' . We say d is effective if > for alH = 1, . . . , 7. 
The total degree of d is \d\ = J21=i '^i- ^'^^ subcurve Z of C we let d^ be the 
multidegree on Z whose degree on any component of Z equals that of d. Then 

dz ^\dz\= X! 

c,cz 

is the total degree of d^. 

The degree of a hne bundle L on a curve C is deg(L) := x{L) — x(Cc)- 
If C has components Ci, . . . , C-y, we define the multidegree of L as deg(L) = 
(di, . . . where di — deg{L\ci). Then |deg(L)| — deg(L). 

Let Z he a subcurve of a nodal curve C. We denote the normalization of C 
at the points oi Z D Z' by 

■■ Z U Z' ^ C. 

For each multidegree d on C, the associated pullback map 

^Z ■ '^C ^ Z ^ '^Z' 

maps each line bundle L to the restrictions L\z and L\zi . This map is a fibration 
with fibers (k*fz-nz-n^,+i^ ^ Section 1.1]. 

A family of curves is a proper and flat morphism f : C B whose fibers are 
curves. If & £ B, we denote Cb '■— f~^{b). A smoothing of a curve C is a family 
f : C B, where C is smooth and i? is a smooth curve with a distinguished 
point G -B such that Cb is smooth for 6 7^ and Cq — C. 
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Let C/B be a smoothing of a nodal curve C. For each subcurve Z C C we 
define the twister associated to Z as the degree-0 hne bundle on C given by 

Oc{Z) := Oc{Z)\c. 

We remark that Oc{Z)\z' = Oz'{Z n Z') and Oc{Z)\z = Oz{-Z n Z'). Thus 
deg{Oc{Z)\z') = kz and deg{Oc{Z)\z) = -kz. 

, Zn are subcurves of C we define the twister associated to the formal 
sum T = Zi + .. . + Zntohe 

Oc{T) := Oc{Zi) ® • • • Oc{Zn). 

Recall that, for a nonempty subcurve Z of a nodal curve C, we have ujz — 
uJc\z <8> Ozi-Z n Z') and hence 

deg(a;c|z) = '^gz - '^nz + kz- 

Troughout the paper C will denote a nodal curve of genus g having 7 com- 
ponents. 

2 Abel maps and Brill-Noether loci 
2.1 The Brill-Noether locus Wd{C) 

Let C be a nodal curve with irreducible components Ci, . . . ,Cj. The degree-d 
Jacobian Jq of C decomposes as: 

4= U 4, (1) 

deZT, |d|=(i 

where is the connected component of parameterizing line bundles L of 
multidegree d. Moreover, the Brill-Noethcr variety 

Wd{C) := {LeJ$ \h°{C,L)>l} 

also decomposes as a union Wd{C) = \J\ci\=d^d{C) where 

Wd{C) := {Lg4|/i°(C,L)>1}. 

For an effective d^lP, the (natural) rational Abel map of multidegree d of 
C is the rational map 

4: 4 

{Pu...,Pd) ^ Oc{Pi + ... + Pd) 

where C- = Cf^ x . . . x C^^ . We say a line bundle on C is effective if it lies in 
the image of a natural Abel map. 
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Let Ad{C) be the closure of the image of in J^. It is clear that Ad{C) 
is irreducible and dim(Ad(C)) < Moreover, Ad{C) is contained in Wd{C), 
although equality usually doesn't hold. 

Let d be a multidegree of total degree d. Following jCCEj . we say d is 
(canonically) semistable if and only if for every non-empty, proper subcurve 
ZCC: 

dcgwclz kz 

Moreover, d is (canonically) stable if strict inequality holds. A degree-d line 
bundle L on C is semistable (resp. stable) if its multidegree is. We notice that 
for line bundles of total degree g — I the inequality ([2]) reduces to 

dz > gz - nz, (3) 
where gz is the genus of Z and nz is the number of its connected components. 



2.2 Closed subsets of Wd{C) 

Fix a multidegree d on a nodal curve C. We now define some closed subsets of 
the Brill- Noether variety Wd{C). 

Let Z be a nonempty subcurve of C and set e = d — deg(C'c'(Z')). Notice 
that |e| = I d| . Assume is an effective multidegree of Z and consider the closed 
irreducible subset of J^^ given by V :— Ae {Z)®Oz{ZC]Z'). Set theoretically, 
we have 

V {M e I M{-Z n Z') e A,^ (Z)}. 
We define Wd,z{C) to be the preimage 

X Jz'')^ where vz is the 

normalization of C at the points of the intersection Z ClZ' . Set-theoretically we 

have 

Wd,z{C) = {LeJ§\ L\z{-Z n Z') is effective}. 

Note that if Z = C we have Wd,z{C) = AdiC). 

For a multidegree d G Z''', we let 5(d) be the set of all subcurves Z of C 
satisfying the above conditions, that is, Z is a nonempty subcurve of C such 
that dz — deg{Oz{Z n Z')) is an effective multidegree of Z. Note that if d is 
effective then C G iS(d). 

Proposition 2.1. Let C be a nodal curve of genus g and let d G Z''' be a mul- 
tidegree on C . Then for each Z E S{d) we have Wd,z{C) C WdiC). Moreover, 

Wd{C)= y Wd,z{C). 
zes(d) 

Proof. The first statement follows from computing cohomology on the exact 
sequence 

^ L\z{-Z nZ')^ L\z' 0. 
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Now, let L e WdiC) and fix a nontrivial section s of L. We first note that 
the restriction of s to each component Ci of C is either the zero section or 
an injective section of i|ci- Let Y be the subcurve given as the union of the 
components of C on which s is identicahy zero. If Y is empty then s is an 
injective section of L and thus L e Ad{C). 

Now assume Y nonempty and let Z = Y' . Consider the exact sequence 

^ L\z{-Z n Z')) A L)^H"{Z', L\z'). (4) 

The section s vanishes on Y = Z' , hence it lies in the image of ip. Moreover, 
since this section is injective on Z, we see that Z G S{d) and L G Wd,z{C). □ 

Lemma 2.2. Let C be a nodal curve and fix a multidegree d ofC. If L G Wd{C) 
is such that h'^{C,L) — 1 then there exists a unique subcurve Z of C such that 

Proof. By Proposition [211 L e Wd.z{C) for some Z. Assume L e Wd^viC). 
By the proof of the proposition, we see that there exists a global section sz 
(resp. sy) of L that vanishes identically on Z' (resp. Y') and is injective on Z 
(resp. Y). But since h^{C,L) = 1 we have sy = Xsz for some X £ k* and thus 
Y = Z. □ 

3 Brill-Noether loci of degree g — 1 
3.1 Irreducible Components 

Let C be a nodal curve of genus g. In this section we focus on line bundles of 
degree d = g — 1. In this case, we have the following results by Beauville and 
Caporaso. 

Proposition 3.1. (Beauville) Let d be a multidegree of total degree \d\ = g — 1. 
(i) Ifd is semistable then every irreducible component of WdiC) has dimension 

(a) If d is not semistable then Wd{C) = J^. 

Proof. Ci. jBe[ Lemma 2.1 and Proposition 2.2]. □ 

Proposition 3.2. (Caporaso) Let d be an effective multidegree of total degree 
\d\^g-l. 

(i) Ifd is stable then Wd(C) = Ad{C); 

(a) If d is semistable then Ad{C) has dimension g ~ 1; 

(Hi) If d is not semistable then Ad{C) has dimension smaller than g — 1. 

Proof Ci. (en Theorem 3.1.2 and Proposition 3.2.1]. □ 
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We see from Caporaso's result that, for a semistable multidegree, the image 
of the Abel map gives an irreducible component of the Brill-Noether locus. 
However, in general, it is not the only one. In Theorem 13.61 we describe the 
components of Wd{C) for a semistable multidegree d of total degree g — 1- 

Lemma 3.3. Let C be a nodal curve of genus g and let Z be a nonempty proper 
subcurve of C . Then 

g = gz + gz' + kz + 1 - nz - nz' (5) 
where nz (resp. nz' ) is the number of connected components of Z (resp. Z' ). 
Proof. Computing cohomology of the exact sequence 

Q^Oc^Oz®Oz' ^ Oznz' ^ 

we have the long exact sequence 

^ H\Oc) ^ H\Oz) © H\Oz') ^ H\Oznz-) ^ 

^ H\Oc) ^ H\Oz) ® H\Oz') ^ 0. 
Therefore 1 — nz — nz' + kz — g + gz + gz' =0. □ 

Proposition 3.4. Let C be a nodal curve of genus g. Fix a semistable multi- 
degree d on C of total degree g ~ 1 and a subcurve Z £ S{d). Then Wd,z{C) 
has dimension g — 1 if and only if Z is a connected subcurve of C and dz — 
deg{OziZnZ')) is an effective semistable multidegree on Z of total degree gz — ^- 

Proof Let e := d - dcg{Oc{Z')) so that = iz - deg{Oz{Z n Z')). Recall 
that 

t^d,z(C) = (4)-i(l/x4f' ), 

where i^z is the normalization of C at the points oi Z D Z' and V := Ae^{Z) (g) 
Oz{Z n Z'). Thus Wd,z{C) has codimension 1 in if and only if V has 
codimension 1 in J^^. 

First we notice that V is isomorphic to the closure A^^ (Z) of the image of 
the Abel map of multidegree of Z and thus 

dim(V^) < \ez\ ^ dz - kz- 

Hence, if Z is connected and is an effective semistable multidegree on Z with 
total degree gz — ^ then, by Proposition [S^U V has dimension gz — 1 and hence 
codimension 1 in J^^ . 

Now assume V has codimension 1 in J^^ so dim(y) — gz — 1. Then we have 
dz > gz + kz — i which, by ([S|), implies 

dz' ^ (g - - dz < gz' - nz - nz' + 1. 
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On the other hand, since d is semistable we have dz' > gz' ~ nz' ■ Thus we 
get nz — i showing that Z is connected. Moreover, we see in this case that 
dz' = 9Z' — nz' which imphes, by ([S]), that 

ez ^ dz - kz ^ {g ~ I) ~ dz' - kz ^ gz - 

In particular, V is isomorphic to the image of an Abel map of Z of total degree 
gz — So, by Proposition 13.21 it has dimension gz — I if and only if is a 
semistable multidegree of Z. □ 

Proposition 3.5. Let C be a nodal curve of genus g. Fix a semistable multi- 
degree d on C of total degree g — 1 and a subcurve Z G S{d). If Wd,z{C) has 
codimension 1 in then it is irreducible and a component of Wd (C) . 

Moreover, the general line bundle L on such a component Wd,z{C) satisfies 
h°{C,L)^l. 

Proof. For simplicity we denote by / the restriction of v*^ to Wd,z{C) and by 
Y the product {A^^{Z) ® Oz{Z D Z')) x j|f' . Recah that 

/: Wd.z{C)-^Y. 

is a surjective morphism, Y is irreducible and the fibers of / are all irreducible 
and of the same dimension. Let Wd,z{C) = Wi U . . . U Wr be the decomposition 
of Wd,z{C) on irreducible components. 

First we show that the components Wi are unions of fibers of /. Indeed, 
since / is surjective, for each y & Y we have f''^{y) — ^i{Wi fl f~^{y)), and 
since f~^{y) is irreducible, this implies that f'^iy) = WiCi f~^{y) for some i. 
Hence for each y G F we have f~^{y) C Wi for some i. 

Now we show that there is a unique component of Wd,z(C) that dominates 
Y. Indeed, since Y is irreducible and Y = Uif{Wi), then we must have Y = 
f{Wi) for some i, say i = I. Note that Y = f{Wi \ Lii>2Wi) and thus there 
exists an open subset U of Y contained in f{Wi \ Ui>2Wi). Fix i > 2. Then 
Wi \ Wi C f~^{Y \ U). Hence Wi does not dominate Y and in particular f{Wi) 
have dimension strictly smaller than dim(y). Since the fibers of / all have the 
same dimension, this shows that Wi has dimension strictly smaller than that of 
Wi and Wi is an irreducible component of Wd{C). 

Now, since Wd{C) is of pure dimension, by Proposition 13. 11 any other com- 
ponent Wi of Wd.z{C) must be contained in other irreducible components of 
Wd{C). In particular, by Proposition 12. 11 it must be contained in Wd,Y{C) for 
some subcurve Y . But this would imply, by Lema [2?2l that all the line bundles 
L belonging to Wi have h°{C,L) > 2. But by |Cli Lema 2.1.2], the general 
line bundle L on a fiber oi f = Vz satisfies h^{C, L) = \. Since the components 
Wd,z{C) are a union of fibers of / we conclude that Wd,z{C) is irreducible. This 
shows furthermore that the general L on Wd,z{C) satisfies h'^{C,L) = 1. □ 

Theorem 3.6. Let C be a nodal curve of genus g. Fix a semistable d^ IT' of 
total degree g — 1. The irreducible components ofWd{C) are the subsets Wd.z{C) 
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such that Z is a connected nonempty subcurve of C and d^ — deg{Oz{Z fl Z')) 
is an effective semistahle multidegree on Z of total degree gz — 

Moreover, if Z\ and Zi are distinct suhcurves as above then Wd,Zi {^') '^"■^ 
Wd,Z2{^) '^'"s distinct components ofWd{C). 

Proof. The first statement follows from Propositions 12.11 13.41 and 13.51 The 
second statement follows from Proposition 13.51 and Lemma 12.21 □ 

3.2 Twisted Abel loci 

In this section we show that certain irreducible components of the Brill-Noether 
locus Wd{C) may be interpreted as closure of images of twisted Abel maps. 

Fix a smoothing of a nodal curve C and an effective multidegree e on C. For 
each twister Oc{T) we define the twisted Abel loci 

A,,t{C)^A,{C)(E)Oc{T). 

Then Ae,T{C) is a closed irreducible subset of the Jacobian of C and set- 
theoretically we have 

Ae,T(C) = {L (g) Oc{T) I L G J§ is effective}. 

Note that Ae,c{C) = A^{C). 

Lemma 3.7. Let C be a nodal curve of genus g and let Oc{T) be a twister of 
C . Fix an effective multidegree e on C and set d = e + Aeg{Oc{T)). Then 

(a) A,^t{C) = AAC); 

(b) Ae,T(C) C Wd{C). Moreover, if both e and d are semistable of total degree 
g — I, then Ae^riC) is an irreducible component ofWd{C); 

(c) ifT = Z' for a subcurve Z d C then Z G S{d) and A^^z'iC) C Wd,z{C)- 

Proof. Statement (a) is obvious. We show (b) and (c). If T = X)Z=i where 
Ci , . . . , are the irreducible components of C, we let n be the minimum of 
the Tii and let 

7 

T' -nC = ^(n, - n)C,. 

i=l 

Note that Oc{T) = Oc{T'). Let Z be the subcurve given as the union of 
components Ci such that = n. 

Let M be a line bundle in the interior of Ae.riC), say M = L ® Oc{T) 
where L is an effective line bundle on C. Recall from ^ that H''^{M\z{—Z fl 
Z')) ^ H°{M). We will show that H°{M\z{-Z n Z')) ^ 0. For this we set 

Zr^Z' ^{Pi,...,Pr}. Now, if T' = Zi H 'rZs for some subcurves Zj of C 

then Zi U . . . U = Z' and hence 

s s r 

Oc{T)\z = ^Oc{Z,)\z = ^Oz{Z,r\ Z) ^ Oz{Y,'^^P^) 

j = l j=l i=l 



9 



for some positive integers ai, . . . , a^. Thus 

r 

M\z{-Z n Z') = L\z ^ Cz(5](a2 - ^)Pi) 

2 = 1 

is effective on Z showing that M e Wd,z{C). Since Wd,z{C) is closed, this 
implies (c) and the first part of (b) . The second part of (b) follows from the fact 
that AeiC) is irreducible of dimension g — 1, by Proposition 13. 2[ and Ae^xiC) 
is isomorphic to AJ^C), by (a). □ 

Proposition 3.8. Let C he a nodal curve of genus g. Fix a semistable multide- 
gree d on C of total degree g—l and a subcurve Z of C . Let e = d — Aeg(Oc{Z')) 
and assume e^ is a semistable multidegree on Z of total degree gz — 1- Then e 
is a semistable multidegree on C of total degree <? — 1 • 

Proof. First note that |e| — \d\ —g — l since the total degree of a twister 
is zero. If e is not semistable then there exists a subcurve Y oi C such that 

< gy — ny — 1- We may assume Y is connected so that ny = 1. Let Yi 
(resp. Y2) be the subcurve given as the union of the components of Y contained 
in Z (resp. Z'). Then F = Fi U ^2- 

First we notice that both Yi and Y2 are nonempty. Indeed, if Y2 is empty, 
then y = Yi is a subcurve of Z. Thus, since is semistable of total degree 
gz — 1, we have ey > gy — ny, contradicting the choice of Y. Now if Yi is 
empty then Y = Y2 is a subcurve of Z' and thus 

ey = dy + #(Z r\Y) > gy - ny + #(^ n Y) > gy - ny 

again contradicting the choice of Y. 
Then Yi ad Y2 arc nonempty and 

CFi > gyi - ny^ and ey^ > gy^ - ny^ + #(Z n Yj). 

Now since ey — ey^ + ey^ , we have 

gyi - ny^ + gy2 ^ "12 + #(^2 ^ Z) < ey < gy - 2. 

By ((U we have that 

gy = gyi + .91-2 + #(^1 n Y,) + 1 - ny^ - ny^ 

which gives #(Z n Y2) + 1 < #(Yi n Y2). But this contradicts the fact that 
Yi C Z thus showing that e is semistable. □ 

Theorem 3.9. Let C be a nodal curve of genus g. Fix a semistable multidegree 
d on C of total degree g—l. Let Wd,z{C) be an irreducible component ofWd{C). 
Ife = d- deg(Oc(^')) is effective then Wd,z{C) = A^^z'{C). 
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Proof. First note that, by Lemma r3.7[ A^^z'iC) = Ae{C) is irredueible and 

A,^z'{C) cWd,z{C) cWdiC). 

By Proposition 13.41 is semistable and hence, by Proposition 13.81 so is e. 
Thus, by Proposition 13.21 Ae,z'{C) has dimension g — 1- So Ae,z'{C) is an 
irreducible component of Wd{C) . □ 

The hypothesis of the muhidegree e being effective in the above theorem is 
a necessary one. However, this condition becomes trivial if, for instance, the 
components of C have positive genus. 

The next result shows that, if two semistable multidegrees of degree g — 1 
differ by a multidegree of a twister, then the associated Brill-Noether loci are 
isomorphic. 

Theorem 3.10. Let C be a nodal curve of genus g. Assume the irreducible 
components of C have positive genus. Fix semistable multidegrees d and e on C 
of total degree g — 1 such that e = d + deg{Oc{T)) where Oc{T) is a twister on 
C. Then WdiC) and We{C) have isomorphic components. 

Proof. We will show that there exists a one-to-one correspondence between com- 
ponents of Wd{C) and We{C) maping a component of Wd{C) isomorphically to 
a component of We{C). By Theorem 13.91 the irreducible components of Wd{C) 
and We(C) can be given by twisted Abel loci. We show that for every com- 
ponent Af^Y'{C) of Wd{C) there exists a component of We{C) isomorphic to 
it. ~ ~ 

Let Af^Y'{C) be an irreducible component of Wd{C). By Lemma 13.71 we 
have A^,Y'iC) ^ AfiC) and d ^ / -I- deg{Oc{Y')). Now note that 

e = l + deg{Oc{Y')) + deg{Oc{T)) = / + deg{Oc{T')), 

where T' = T + Y'. Then Af{C)® Oc{T') is a subset of WjyC) isomorphic to 
Af(C), and thus, to y4/^y/(C). In particular it is irreducible of dimension <? — 1, 
so it is a component of We(C). □ 

We believe that the Brill-Noether loci whose multidegrees differ by a twister 
as in the the previous theorem are actually isomorphic. However, to show this 
one should determine how the irreducible components of each locus intersect. 
This study has not yet been carried out. 

4 Examples 

In this section we focus on two particular classes of curves, namely two-component 
curves and circular curves. In each case we describe explicitly the irreducible 
components of the Brill-Noether locus for a strictly semistable multidegree, that 
is, a semistable multidegree that is not stable. 
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4.1 Two-component curves 

Let C be a nodal curve having two irreducible components Ci and C2 of genera 
gi and respectively, meeting in fc > 1 nodes. Then the genus of the curve C 
is g = gi + g2 + k — 1. Let d = (di, ^2) be a multidegree of total degree g — 1- 
Then d is semistable if and only if > — 1 for i = 1, 2. Thus we have only 
two semistable multidegrees that are not stable, namely d—{gi — l,g2 — l + k) 
and e = (gi - 1 + fc,52 — !)• The following result shows that Wd{C) = WeiC) 
and can have up to two irreducible components. 

Proposition 4.1. Let C be a two- component curve as above. 

(a) Ifgi = .92 = then Wd{C) = We{C) = 0; 

(b) If gi — and 92 ^ then 

Wd{C)^Wd,cAC)^A,,cAC) and We{C) = A,{C); 

(c) If gi and 92 = then 

Wd{C)^Ad{C) and W,{C) ^ W^.cAC) ^ Ad,cAC), 

(d) If gi ^ and g2 ^ then 

Wd{C) = Ad{C) U WdMC) = Ad{C) U Ae,Ci(C), 

WeiC) = Ae{C) U We,C^ (C) = U Ad.c, (C). 

In any case we have Wd{C) = We{C). 



Proof. Follows from Theorems 13.61 and 13.91 The last statement follows from 
Lemma [3.71 (a). □ 

4.2 Circular curves 

Let C be a nodal curve having irreducible components Ci, . . . , C^. We say C is 

a circular curve if 

(a) d n Cj is empty if j ^ {i — 1, i, i + 1}; 

(b) d n Ci+i is a single node of C for i = 1, . . . , 7 — 1; 

(c) Ci n is a single node of C. 

If gi is the genus of Ci for each i, then the genus of C is 17 = 1 + X]i=i Si- 
Lemma 4.2. Let C be a circular curve of genus g having 7 components. Let gi 
be the genus of the i-th component of C. Then d = (di . . . , d^) is a semistable 
multidegree of total degree g — I on C if and only if 

(a) di e {gt - l,gi,gi + I}; and 
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(b) if I (resp. ) is the set of i such that di — gi — 1 (resp. di — gi + 1) 
then either ^ = % or, up to relabeling the components of C , we have 
= {fci, . .. ,ki} and /+ = {ji, . . . ,je} where 

1 = ki < ji < k2 < j2 < ■ ■ ■ < ke < ji. 
Moreover, d is stable if and only if =7^—0. 

Proof. Assume first that d is semistable. Then > 5i — 1 by definition. More- 
over, the subcurve Z — C[ is connected and again by semistability dz > gz 
Hence di^g — 1 — dz<g — gz- By ([5]) we have g = gz + gi + 1 , so we deduce 
that di < gi + 1. 

Let n+ be the cardinality of /+ and be that of . Then X]7=i '^i ~ 
gi + — ri~ . Since X^iLi di — g — 1 = ^21=1 5ii niust have n+ = n~. 
In particular, if d is stable then —% and hence also = 0. 

To show (b) we note that if for some 1 < r < i there exists no j G /+ 
such that kr < j < kr+i, then the semistability condition fails on the subcurve 
Z = Ck^ U . . . U Cfe,,^i , since dz = gk,. + ■ • • + 5fc^+i - 2 = - 2. Likewise, if 
if for some 1 < r < £ there exists no k £ I~ such that jr < k < jr+i, then the 
semistability condition fails on the subcurve Z' where Z = Cj^ U . . . U Cj^^-^, 
since dz = gz + which implies that dz' — g ~ 1 ~ dz ~ gz' ~ 2, by ([5]). 

Now assume (a) and (b) hold. First, note that that d has total degree 5 — 1 
since 

7 7 
d^^9i + n'^ -n~ = ^gt = g -I. 

1=1 i=l 

Now we show d is semistable. Let Z he a proper nonempty subcurve of C We 
may assume Z is connected. By (a) each degree di is either gi ~ \, gi ot: gi -\- 1. 
Moreover, let n^{Z) (resp. n~{Z)) be the number of components Ci of Z such 
that i e /+ (resp. i e I^). Then 

dz=Yl 9r+n+iZ)-n-{Z)^gz+n+{Z)-n-{Z) 

CiCZ 

since gz = J2c cz 9^- Now, since Z is connected we have by (b) that 

-1 < n+{Z) -n-{Z) < 1, 

showing that dz > gz ^ ^- Hence d is semistable. 

Furthermore, if = I~ = 0, then we have n'^{Z) = n^{Z) = and hence 
dz — gz for every connected subcurve Z of C and thus d is stable. □ 

Proposition 4.3. Let C be a circular curve of genus g having 7 components. 
Let gi be the genus of the i-th component of C and assume gi > 1 for all i. Let 
d be a strictly semistable multidegree of total degree <? — 1. Set and as 
in Lemma |^.^| and assume that 1 G /~ . Then d is effective and the number of 
irreducible components of WdiC) is 

n{d) = 1 + ^ {jr- kr){ks+i - js), (6) 

l<r,s<e 
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where we set kg+i =7 + 1. In particular, we have n{d) > \ + P . 

Proof. By Theorem 13. 6[ the irreducible components of Wd{C) are the subsets 
Wd.z{G) where Z is a connected nonempty subcurve of C such that := 
dz — deg{Oz {Z n Z')) is an effective semistable muhidegree on Z of total degree 
gz - 1. 

Since gi > 1, all semistable multidegrees on C of total degree g — 1 are 
effective, by Lemma [4.21 In particular d is effective and Ad{C) is a component 
of WdiC) corresponding to the subcurve Z — C. 

Now let Z he a proper connected subcurve of C. Note that kz = 2 and 
gz =T,CiCzg^- Moreover, 

dz= J2 '^^ = 9z + #{.?■ e /+ I C, eZ}- #{fc e /- | Ck e Z}. 

c,cz 

If Z does not contain Cj for any j G then dz < gz and hence ez — dz — 2 < 
gz — 2. Therefore Wd,z(C) is not a component of Wd{C). 

Assume Z contains a Cj^ for a unique jr G -f^- For simplicity we set we 
set kg+i =7+1. If Z contains either Ck^ or Ck^^^ then dz < 5z and thus 
ez < .9z ^ 2 and once again Wd,z{C) is not a component. If Z does not contain 
Cfc^ nor Cfe^^i then, since Z is connected, we have Z = C„ U . . . U C„i where 
kr + 1 < n < jr and jr ^ in < fcr+i — 1. In this case we have = gz + ^ and 
thus = (72 — 1. Moreover, since = — (1, 0, . . . , 0, 1) and di > gi for each 
Ci C it's easy to see that is semistable and effective. Thus Wd,z{C) is a 
component of WdiC). The number of such components is 

ni ^ - kr){kr+i - jr), 
i<r<e 

where we set fc^+i =7+1. 

Now assume Z contains Cj^ and Cj^ for some r < s and does not contain 
Cj( for any t < r or t > s. Since Z is connected, there are two cases: 

(i) ZDCj^U...U Cj^ ; 

(ii) Z D Ci U . . . U U . . . U C^. 

First assume (i) Z contains C^^^j . As in the previous case, if Z contains either 
Ck^ or Cfc^_^i, then dz < gz and thus ez < gz — 2 and Wd,z[C) is not a 
component. If Z does not contain Ck^ and Ck^^^ then, since Z is connected, we 
must have Z = Cn U . . . U Cm where k^ < n < jr and js l£ m < ks+i — 1. As 
before, it is easy to see that is semistable and effective and hence Wd.z{C) 
is a component of Wd{C). The number of such components is 

"2 = ^ {jr - kr){ks+l - js). 
l<r<s<e 

The last case to check is (ii). As before, if Z contains cither Ck^ or Ck^^^, 
then ez < gz~2 and Wd.z{C) is not a component. If Z does not contain Ck^ and 
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C'fer+i then, since Z is connected, we must have Z — C„ U . . . U U Ci U . . . U Cm 
where fcs + 1 < n < js and > < w < fcr+i — 1. As before, it is easy to see that 
is semistable and effective and hence Wd,z{C) is a component of Wd{C). 
The number of such components is 

"3 = ^ {js - ks){kr + l - jr)- 
l<r<s<e 

Therefore the number of components of WdiC) is n{d,) ^ 1 + ni + n2 + 
and we get dH). To get the last statement, it's enough to note that for every 
1 < r < £ we have jV — kr > I and fcr+i — Jr > 1 and hence, from ([6]), we get 

n{d)>i + e + e{i-i) = i + e^. □ 

Corollary 4.4. Lef C be a circular curve of genus g having ^ — 21 components. 
Let gi be the genus of the i-th component of C and assume gi > I for all i. Set 

d = (.91 - 1,32 + 1,.93 - 1, • ■ • ,ff2<' + 1)- 
Then the number of irreducible components of Wd is 1 ~\- P . 
Proof. Follows directly fom Proposition 14.31 □ 
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